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1 (a) Let g(t, u) be defined on the rectangle 5

R(a,b):ty <t<ty+a, |u,—u,0| <b and is measurable in
t for each fixed a and continuous in u for each fixed

t. If there exists a Lebesgue integrable function m(t)
on [#y. ty +a | such that |g(t, u)|< m(t) for (t,u)e R(a,b)
then prove that initial value problem u = gt u),

u(to):uo has at least one solution w(t) on some

interval [to, by + B] , B>0.
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(b) Let us assume that f({,x) is continuous on

BO 'ty <t<ty+a, ||x - xO” <b, where a and b are positive

real numbers and satisfy the Lipschitez condition in

B,. Let M = |7 %)+ o= min (a,%j then

prove that the 1initial value problem

x'=f(t x),x({))=x, has a unique solution x(¢) on

[to:tg +a].
(c) Apply Picard's method to solve the initial value 4

problem u'=4t+2tu,4(0)=1.
OR
1 (a) Let the function g(¢,u) be continuous and bounded 5
in the strip S: ty<t<t+a, |u| < oo,— then prove that the
initial value problem u'=g(t,u); u(b)=1u, has at least
one solution u(¢) defined on the interval [to,t0+a]
(b) If g(t, u) is a continuous function of t and u in a 5

closed bounded region R(a,b) satisfies the Lipschitz
condition in R then prove that there exists a unique

solution u(t) to the initial value problem

u':g(t,u),u(to):uo on the interval J:|t—t0|sh,

. b
where 7 =min {a,g} and |g(t, u)|SM for (t,u)e D

and D:|u—u0|sh, |u—u0|sb.
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(¢) Show that g(t, u):t2u+u2 satisfies the Lispschitz 4

condition on R:|t|£2 |u—1|£2.

2 (a) Prove that a complex number ) 1is a characteristics 5

exponent of x'=A(t)x, where A(¢,+w)=A(t),(w=0) if
there exists a non-trivial solution of x'=A(¢)x in the

form eMp(t) , where p(t+w)=p(t).

(b) If all the solutions of x'=Ax, where A is nxn 5

constant matrix and x is an n-vector are bounded on

[0,), then prove that all the solutions of

x':(A+B(t))x are also bounded in [0,e), provided

[[B(s)] ds <=

(¢) Define stable characteristic polynomial. Determine 4
the stable characteristic polynomial for the equation

y'"'+2y"+3y'+4y=0.
OR
2 (a) Prove that a system x'({)=A(¢)x(¢) is uniformly 5
stable if it is stable and reducible.
(b) Define adjoint system to system x'=A(t)x(t). 5
Prove that if ¢ is a fundamental matrix of x'= A(¢)x
then vy is a fundamental matrix of its adjoint system

if and only if WTq):C, where C 1s a constant

non-singular matrix.
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(¢) Discuss the solution of Mathieu's equation 4

u''+ (52+ € 0082t)u =0 with initial conditions

1, (0)=1, 1, (0)=0,uy(0)=0, uy (0) =1.

3 (a) Let @(t) be a fundamental matrix of x'=A(¢f)x with 5

<I)(t0) =1 . Then prove that x'= A(¢)x is strongly stable

if and only if there exists a positive constant M such

that o) <M. o™ @) <M for 121,

(b) Prove that all the solutions of x'=A(t)x where 5

A(t) 1S an pnxn continuoues matrix on [O,oo) and x

is an n-vector, are stable if and only if they are
bounded.

'

2u
(¢) Show that the equation u”+t+—1=0 is stable but 4

not uniformly stable.

OR
3 (a) Let ®(t) be a fundamental matrix of x'(t)=A(t)x(t) 5

with ®(f))=1. Then prove that x'(t)=A(t)x(t) is

uniformly stable if and only if there exists a positive
constant M such that HdD(t)dD_l(s)HSM for

tOSs<t<oo,
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(b) Prove that if all the characteristic roots of A have 5

negative real parts, then every solution of x'= Ax,

where A:(aij) is constant matrix is asymtotically

stable.
(¢) Determine the type of stability of the critical point 4

(0,0) of each of the following linear systems and sketch

the phase potraits
@)) xl =3x; +2x,

Xy = 4x1 — X

(2) xl = x; +3x,

Xy = —6x1 + 5x2

4 (a) If all the solutions of u"+a(t)u=0 are bounded on 5
[0,0) then prove that all the solutions of

u'+(a(t)+b(t))u=0 are also bounded on [0,),

provided J'b(t)dt|<°°.
0

(b) Let a(t) be a continuoues differentiable function for 5
tE[O, <><>) then all the solutions of u”+a(t)u:O are

bounded on [0, ) provided that a(t) — c monotonically

as f > oo.
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(¢ For the equation y'"+ (1+b(t))y:0 show that

3 sin Sd )
y(t)=exp J S $|sInt ¢ the solution and it
1

2s1n 2t [sin2t B

1};1520
t 8t )

is not bounded, where b(¢)=

OR

4 (@ If |u| and |ju"|| are bounded then prove that |||

1s also bounded.

(b) Let b(t) be the continuously differentiable on

[0,0). If b(t)—>0 as {—>o and J'b'(s)|ds<°° then
0

show that all the solutions of w'+(L+b(t))u=0 are
bounded over [0, <)

(©0 Let u(t) and uy(t) be two linearly independent
solutions of V"+0(2)V =0 on the interval ( < +oo. Then
show that the general solution wu(t) of the
inhomogeneous equation u'"+o(t)u=g(t) is given by
u(t) = Cyuy (t)+ Couy (t)

t

+J [ul (s)ug (8) — 1y (t)ug (s)]g(s)ds, where C; and C,
0

are constants.
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5 Attempt any two : 14
(1) Show that for vander pol equation

2 : "
u''+e (u —1)u'+u: 0, where e is a positive constant;

the critical point (0, 0) is always unstable.

(2) For the differential equation

show that the zero solution is uniformly stable but not
asymptotically stable.
(3) Solve the first order inhomogeneous system

X :4x1—x2+t
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